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1 Introduction
$\mathbb{H}$ $\mathbb{H}:=\{z=x+\mathrm{i}y\in \mathbb{C}|y>0\}$ , $\Gamma$ $X_{\Gamma}:=\Gamma\backslash \mathbb{H}$
$SL_{2}(\mathbb{R})$ . , Prim(F) $\Gamma$
, $\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)$ $N(\gamma)$ $\gamma$ 2 .
, ,
$\pi_{\Gamma}(x):=\#\{\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)|N(\gamma)<x\}=1\mathrm{i}[x$ )$\backslash +O(x^{\delta})$ as $xarrow\infty$ .




, $\overline{\Gamma}$ $\Gamma$ , $n$ . , $X_{\Gamma}$ $X\sim$
, $\phi$ X\Gamma - $X_{\Gamma}$ . , $c_{\gamma}$ $\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)$
$X_{\Gamma}$ , $l(\gamma)$ $C_{\gamma}$ $(N(\gamma)=\exp l(\gamma))$ .
, $\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)$ , $\gamma_{1},$ $\cdots,$ $\gamma_{k}\in \mathrm{P}\mathrm{r}i\mathrm{m}(\tilde{\Gamma})$ $n$ $k$
$(m_{1}, \cdots, m_{k})$ ( , $m_{1}\geq\cdots\geq m_{k}\geq 1$),
$\phi(C_{\gamma_{j}})=C_{\gamma}$ , $l(\gamma_{j})=m_{j}l(\gamma)$ $(N(\gamma_{j})=N(\gamma)^{m_{j}})$
. , $\gamma$ \Gamma - $(m_{1}, \cdots, m_{k})$ $\Gamma$ ( , $C_{\gamma}$ $X_{\overline{\Gamma}}$
$(m_{1}, \cdots, m_{k})$ $X_{\Gamma}$ ) . ,
.
Problem 1.1. $\lambda\vdash n$ , .
$\pi_{\tilde{\Gamma}\uparrow\Gamma}^{\lambda}(x):=\neq$ { $\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)|\gamma$ $\tilde{\Gamma}$ $\lambda$ , $N(\gamma)<x$ }.
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, , Section 2 ,
, Section 3 , .
, , Section 4 ,
.






$M( \gamma):=\min\{m\geq 1|\gamma^{m}\in\Gamma’\}$ ,
$A_{\Gamma’\uparrow\Gamma}:=\{M(\gamma)|\gamma\in\Gamma\}\subset \mathrm{N}$.
, ,
Lemma 2.1. $([HWf)\sigma$ $/\Psi$ $(\sigma\cong \mathrm{I}\mathrm{n}\mathrm{d}_{\tilde{\Gamma}}^{\Gamma}1)$ . , $\lambda:=$





$001^{\cdot}..\ovalbox{\tt\small REJECT}$ $(m_{i}\geq 2)$ .
$\sigma(\gamma)\sim(\begin{array}{lll}S_{m_{1}} 0\vdots \ddots \vdots 0 S_{m_{k}}\end{array})$ . (2.1)
, $\sigma(\gamma)$ $\lambda$ , , .
(i) $\sigma(\gamma)$ $\lambda$ .
(ii) $\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)$ $\tilde{\Gamma}$ $\lambda$
, .
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Proposition 2.2. (Chebotaoe , $fSa]_{\mathrm{J}}[SuJ$) Conj ( )
. , $[g]\in \mathrm{C}\circ \mathrm{n}\mathrm{j}$ $(\text{ })$ .
$\#\{\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)|\gamma\Gamma’=[g], N(\gamma)<x\}=\frac{\#[g]}{|_{\cup}^{=}|}1\mathrm{i}(x)+O(x^{\delta})$ as $xarrow\infty$ .
Lemma 2.1 Proposition22 , .
1. $\Gamma,\tilde{\Gamma}$ , $\Gamma’$ $( \Gamma’=\bigcap_{\gamma\in\tilde{\Gamma}\backslash \Gamma}\gamma^{-1}\overline{\Gamma}\gamma)$ .
2. .
3. $\gamma$ $\sigma(\gamma)$ , $\gamma$ $\tilde{\Gamma}$ .
4. , .
$|_{-}^{-}-|$ , , .
, $\Gamma,\tilde{\Gamma}$ .
Theorem 23. $\gamma\in\Gamma$ , $M(\gamma):=\mathrm{I}\mathrm{r}_{1}\mathrm{i}\mathrm{n}\{m\geq 1|\gamma^{m}\in\Gamma’\}$ . , $A_{\Gamma’\uparrow\Gamma}:=$
$\{M(\gamma)|\gamma\in\Gamma\}\subseteq \mathrm{N}$ , A $:=\{(m_{1}, m_{2}, \cdots, m_{k})\vdash n | \exists M\in A_{\Gamma’\uparrow\Gamma}, \forall m_{i}|M\}$ .
, $\lambda\in \mathrm{A}$ , .
$\pi_{\tilde{\Gamma}\uparrow\Gamma}^{\lambda}(x)=($ $\sum$ $\frac{\#[\gamma]}{|_{-}^{-}-|})1\mathrm{i}(x)+O(x^{\delta})$ as $xarrow\infty$}.
$[\gamma]\in \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{j}(_{-}^{-}-)$,
$[\gamma]$ is $\lambda\sim type$ in $\tilde{\Gamma}$
, $\lambda\not\in\Lambda$ , $\pi_{\tilde{\Gamma}\uparrow\Gamma}^{\lambda}(x)=0$ .
Proof. $\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)$ $\tilde{\Gamma}$ $(1^{l_{1}}2^{l_{2}}\cdots n^{l_{n}})$ . , Lemma 2.1 , $\sigma(\gamma)$
$(1^{l_{1}}2^{l_{2}}\cdots n^{l_{n}})$ . $\sigma(\gamma^{M(\gamma)})=\mathrm{I}\mathrm{d}$ , $j\{M(\gamma)$ $l_{j}=0$ .
, $\lambda\not\in\Lambda$ , $\pi_{\tilde{\Gamma}\uparrow\Gamma}^{\lambda}(x)=0$ . $\lambda\not\in\Lambda$ , Proposition
22 .
Theorem 23 , $\lambda\not\in\Lambda$ $\pi_{\overline{\Gamma}\uparrow\Gamma}^{\lambda}(x)=0$
, $\lambda\in\Lambda$ , , $\pi\frac{\lambda}{\Gamma}\uparrow\Gamma(x)$ ( ,
). , $\lambda\in \mathrm{A}$ , ,
, $\tilde{\Gamma}$ $\Gamma$ $(\tilde{\Gamma}=\Gamma’)$
.





. $\lambda\vdash n$ $\pi\frac{\lambda}{\Gamma}\uparrow\Gamma(x)=0$ .
Proof. $\tilde{\Gamma}=\Gamma’$ , /\Phi $=—/\{e\}=$ . , $\gamma\in$ , $\gamma^{t}g=g$
$g\in$ $l<M(\gamma)$ , $\gamma^{l}=e$ , $M(\gamma)$ .
, $g$ , $\sigma(g)=(m^{n/m})(m\in A_{\Gamma’\uparrow\Gamma})$ . ,
Proposition 22
3 $SL_{2}(\mathbb{Z})$
, $\Gamma$ $SL_{2}(\mathbb{Z})1\tilde{\Gamma}$ 6
$\Gamma_{0}(N):=\{\gamma\in SL_{2}(\mathbb{Z})|\gamma_{21}\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N\}$ ,
$\Gamma_{1}(N):=\{\gamma\in SL_{2}(\mathbb{Z})|\gamma_{11}\equiv\gamma_{22}\equiv\pm 1, \gamma_{21}\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N\})$
$\Gamma(N):=\{\gamma\in SL_{2}(\mathbb{Z})|\gamma_{11}\equiv\gamma_{22}\equiv\pm 1, \gamma_{12}\equiv\gamma_{21}\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} N\}$ .
, $N$ . , $N=p$ ( )
( $N$ [HW] ). , $=SL_{2}(\mathbb{Z}/p\mathbb{Z})$ , | | $=p(p^{2}-1)/2$ ,







Theorem 3.1. $p$ , $\lambda_{0}^{p}(m),$ $\lambda_{1}^{p}(m),$ $\lambda^{p}(m)$
$\lambda_{0}^{p}(m):=\{$
$(1^{(p+1)})$ $(m=1)$ ,
($m^{(p-1)/m}$ , 12 m|L-2-l, $m>1$ ),
$(p, 1)$ $(m=p)$ ,
$(m^{(p+1)/m})$ $(m| \frac{p+1}{2}, m>1)$ ,
$\lambda_{1}^{p}(m):=\{$
$(1^{(p^{2}-1)/2})$ $(m=1))$
$(p^{\{p-1)/2},1^{\langle p-1)/2})$ $(m=p)$ ,








( $m|$ , $m>1$ ),
$(m| \frac{p+1}{2}, m>1)$ .
, $\mu_{\tilde{\Gamma}\uparrow\Gamma}^{\lambda}:=\lim_{xarrow\infty}\pi_{\tilde{\Gamma}\uparrow\Gamma}^{\lambda}(x)/\pi_{\Gamma}(x),$ $\varphi(m):=\#\{1\leq l\leq m-1|\mathrm{g}\mathrm{c}\mathrm{d}(l, m)=1\}$
– \neq 5 . $\lambda\vdash n$ , $\pi_{\tilde{\Gamma}\uparrow SL_{2}(\mathbb{Z})}^{\lambda}(x)=0$ .
3.1 , , , $=SL_{2}(\mathbb{Z}/p\mathbb{Z})$
, ([Di] 7 ) .
Lemma 32. $SL_{2}(\mathbb{Z}/p^{r}\mathbb{Z})-\{I\}$ .
$\gamma$
$\mathrm{o}\mathrm{r}\mathrm{d}\gamma$ $\#[\gamma]$
$(\begin{array}{ll}\delta 00 \delta^{-1}\end{array})$ $l|^{\xi} \frac{-1}{2}(l>1),$ $s\in(\mathbb{Z}/l\mathbb{Z})^{*}$ , $l$ $\frac{1}{2}p(p+1)$
$\xi_{0}^{1}10\iota_{1}11,\ovalbox{\tt\small REJECT}$
$pp$ $\frac{1}{2}(p^{2}-1)\frac{1}{2}(p^{2}-1)$
$J^{-1} (\begin{array}{ll}\omega 00 \omega^{-1}\end{array})Jl|^{\mathrm{g}}\frac{+1}{2}(l>1),$
$s\in(\mathbb{Z}/l\mathbb{Z})^{*}$ , $l$ $\frac{1}{2}p(p-1)$ .
, $\delta$ $(\mathbb{Z}/p\mathbb{Z})^{*}$ , $lJ$ $p$ , $\omega$ $\omega^{p+1}\equiv 1\mathrm{m}\mathrm{o}\mathrm{d} p$
$(\omega\neq 1),$ $J$




$A_{l}:=\mathrm{U}s\in(\mathbb{Z}/l\mathbb{Z})^{*}\ovalbox{\tt\small REJECT}(\begin{array}{ll}\delta 00 \delta^{-\mathrm{l}}\end{array})]$ $(l| \frac{p-1}{2}, l>1)$ ,
$B:=[(\begin{array}{ll}1 10 1\end{array})]\cup[(\begin{array}{ll}1 \nu 0 1\end{array})])$ , (3.1)
$C_{l}:=\cup s\in(\mathbb{Z}/l\mathbb{Z})^{*}\ovalbox{\tt\small REJECT}^{J^{-1}}(\begin{array}{ll}\omega 00 \omega^{-1}\end{array})J]$ $(l| \frac{p+1}{2}, l>1)$ .
, Lemma .
Lemma 33. $([H])p$ $\sigma(\gamma\}\Gamma):=(\mathrm{I}\mathrm{n}\mathrm{d}_{\Gamma}^{SL_{2}\{\mathbb{Z})}1)(\gamma)$ . ,
.
$(p+1)$ $(\gamma\in\Gamma(p))$ ,
2 $(\gamma\in A_{l})$ ,
1 $(\gamma\in B)$ ,















Lemma 33 , Lemma .
Lemma 34. $m=1,p$, , $(p\pm 1)/2$ . , .
$\gamma$
$\Gamma_{0}(p)$ $\lambda_{0}^{p}(m)$ $\Leftrightarrow\gamma$ $\Gamma_{1}(p)$ $\lambda_{1}^{p}(m)$ $\Leftrightarrow\gamma$ $\Gamma(p)$ $\lambda^{p}(m)$
$\Leftrightarrow M(\gamma)=m\Leftrightarrow\{$
$\gamma\in\Gamma(p)$ $(m=1)_{7}$
$\gamma\in A_{m}$ $(m|(p-1)/2, m>1)$ ,
$\gamma\in B$ $(m=p)$ ,
$\gamma\in C_{m}$ $(m|(p+1)/2, m>1)$ .
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$j_{1}=\mathrm{t}\mathrm{r}\sigma(\gamma,\tilde{\Gamma})$ , Lemm a33 (3.2) , Lemma 3.4
, Lemma 34 2 , Theorem 3.1 .
Remark 35. , ,




























, Lemma 34 ,
$\zeta_{\Gamma_{1}(p\}\uparrow SL_{2}(\mathbb{Z})}^{\lambda_{1}^{\mathrm{P}}(m\}}(s)=\zeta_{\Gamma(p)\uparrow SL_{2}(\mathbb{Z})}^{\lambda^{\mathrm{p}}(m)}(s)=\prod_{\gamma\in \mathrm{P}\mathrm{r}\mathrm{i}\mathrm{m}(\Gamma)}(1-N(\gamma)^{-s})^{-1}$
, , $\zeta_{SL_{2}(\mathbb{Z})}^{(p,m)}(s)$ .
, $\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s)$
Proposition 4.1. $p$ . , .
$\{\frac{(\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s))^{p}}{\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(ps)}\}^{L^{-\underline{1}}}\overline{2}=\frac{(\zeta_{\Gamma_{1}(p)}(s))^{p}}{\zeta_{\Gamma(p)}(s)}$ . (4.3)
, $r\geq 1$ $d[perp]\backslash$ $\mathrm{L}$ , $(\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s))^{p^{\tau}(p-1)/2}$ $\Re s>1/p^{r}$ F‘’ $\text{ }$ $g_{if}^{\gamma \mathrm{r}}\ovalbox{\tt\small REJECT} k$
, $\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s)$ $s=0$ , .










, $\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s)$ . $\text{ }$ $\zeta_{\Gamma}(s)$ $\Re s>1$
, , . $\langle$ , $\Re s=1$
1 $s=1$ ([He]). , (4.3)
$\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}$ (ps) $\Re s>1/p$ $\mathfrak{M}\mathrm{R}$ , $(\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s))^{p(p-1)/2}$ $\Re s>1/p$
120
. , (4.3) $p^{r-1}$ ,
$( \zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s))^{p^{r}(p-1)/2}=(\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(ps))^{p^{r-1}(p-1)/2}\{\frac{(\zeta_{\Gamma_{1}(p)}(s))^{p}}{(_{\Gamma(p)}(s)}\}^{p^{r-1}}$
$=( \zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(p^{2}s))^{p^{r-2}(p-1)/2}\{\frac{(\zeta_{\Gamma_{1}(p)}(ps))^{p}}{\zeta_{\Gamma(p)}(ps)}\}^{p^{r-2}}\{\frac{(\zeta_{\Gamma_{1}(p)}(s))^{p}}{(_{\Gamma(p)}(s)}\}^{p^{r-1}}$
$=( \zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(p^{r}s))^{(p-1)/2}\prod_{k=1}^{r}\{\frac{(\zeta_{\Gamma_{1}(p)}(p^{k}s))^{p}}{\zeta_{\Gamma(p\rangle}(p^{k}s)}\}^{p^{r-k}}$ . (4.4)
. $\zeta_{SL_{2}(\mathbb{Z})}^{\langle p,p)}(p^{r}s)$ $\Re s>1/p^{r}$ $\mathfrak{M}\mathrm{F}$ , $(\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s))^{p^{r}(p-1)/2}$ $\Re s>$
$1/p^{r}\text{ ^{}\backslash }\backslash \mathit{0})\hslash\not\in\ovalbox{\tt\small REJECT}\hslash \text{ ^{}\prime}\backslash )^{\mapsto}\mathrm{F}_{14}\not\supset\grave{\grave{\backslash }}r\ovalbox{\tt\small REJECT}/\text{ }$.
$\zeta_{SL_{2}(\mathbb{Z})}^{(p,p)}(s)p_{\grave{\grave{1}}}s=0$ , $\mathrm{f}\mathrm{f}\mathrm{i}$) $\backslash \backslash \backslash$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ (4.4) $\overline{\pi\overline{-}}\text{ }$
$\text{ }>\text{ }\mathrm{r}\grave{\grave{1}}\text{ ^{}\backslash }\backslash \text{ }$ .
Remark 42. Proposition $\mathit{4}\cdot \mathit{1}$ , $\zeta_{SL_{2}(\mathbb{Z}]}^{(p,p)}(s)$ $\neq^{\backslash \prime}\backslash \mp r$ $\Re s>0$ $H\Pi\not\simeq\dot{\uparrow}H\text{ _{}\backslash \overline{)\llcorner}}^{\swarrow\beta\mathrm{B}\grave{\grave{:}}r\ovalbox{\tt\small REJECT}}\nearrow$
. $\Re s\leq 0$ , $\Re s=0$ (
, ) . , ,
,
.
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